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Influence Line Diagrams for Statically Indeterminate Beams 173

This principle gives an excellent experimental approach to determine the influence lines for
indeterminate structures. Using wire models, one can find influence lines by giving small
displacements and marking deformed shapes. Another experimental technique is by using Begg’s
deformator. Begg’s deformator is a set of equipments developed for introducing the required
displacement in persplex models. Using microscope, the displacements are measured in the perspex
model and influence lines are determined.

In this text, the analytical method is explained for finding influence lines for various stress and
reaction components in two span continuous beams. The analytical method consists of releasing
restraint for the stress/reaction component for which influence line diagram is required and finding
displacement at various points due to unit force applied. For finding displacement at various points,
any one method may be employed. Conjugate beam method is more convenient to use and is
explained with few examples.

Example 5.1 Compute the ordinates of influence lines for reaction R, for the beam shown in Figure
5.6(a) at 1 m interval and draw the influence line diagram. The moment of inertia is constant throughout.

4 B C
/ﬁ? 6 m i% 5m i%
(@)

1 2 3 4 5 B 6 7 8 9 (¢

“f
1kN /?2.2 kN /%1‘2 KN

(®)
6 kNm
4
(c)
4 2 1%4'—8 3.6
2 3 — EI EI 2224

055 075 o6a 30

©

Figure 5.6(a): Given beam. (b) Unit load at A in released beam. (¢) Bending moment diagram
for released beam. (d) Conjugate beam. (e) ILD for R,.
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Solution Restraint in the direction of R, is removed and a unit load in the direction of R, is applied
as shown in Figure 5.6(b). According to Miiller-Breslau principle, the deflected shape of this beam
1s the influence line diagram for R . The bending moment diagram for the released beam is as shown
in Figure 5.6(c). To find the deflections in this released structure, consider its conjugate beam with

M
(E) diagram as load (see Figure 5.6(d)).

In the conjugate beam,

XMy = 0, gives
| 6 5
X 5= =oX5X—X=
2 El 3
1
C EI
2l" =0, gives
R’+R’—lxll 6.3
) El EI
g B_5 .28
AT EL OE
M, = 0, gives

5 1 11+6
C 2 11— Lx11x
My+ 1 2 EI( 3 )

L+a
Note: C.G of triangle from end A = (TJ with usual notations.

132

r — =
A E
Therefore, support reactions are as shown in Figure 5.6(e).
Taking moment causing tension at the bottom (sagging) as positive and the one causing
tension at the top (hogging) as negative, we get,

o=
A E
132 28 1 1 1 _ 10433
M, = - Xl-=—XIX—xX—-=——7T"—
EI EI 2 El 3 EI
132 28 1 2 2 77.33
My= ——+—X2-=X2X—Xx—-=-
ElI EI 2 El 3 CEI
132 28 1 3 52.5
My = ——+—x3-—X3x—xl=-—+
El EI 2 EI EI
132 28 1 4 4 30.67
My= ——+—X4-—X4X—X-=-——

El EI 2 El 3 EI
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132 28 1 5 5 12.83
My= ——+—X5-=X5X—XZ-=-——
EI EI 2 EI 3 EI
MB =0
For portion BC, moments are calculated from the right side end.
M. =
My = ixl_lxlxgxl=ﬁ
* EI 2 EI"3 EI
5 1 24 2 84
Mg = —X2—-=X2X—X—-=—
EI 2 ElI 3 EI
5 1 3.6 9.6
M= g 7w
Mg = ix4—lx4xﬁx4=2
S E 2 EI "3 EI

The above moments in the conjugate beam represent deflections in the released beam; and
the deflections in the released beam represent the influence line diagram in the given beam.

Now, Influence line diagram (ILD) ordinate at A

= Deflection at 4 in released beam

132
= Moment in conjugate beam at A = BT

But, we known ILD ordinate at 4 for Ry is unity. Hence, dividing moment values in conjugate

132
beam by E we get ILD for R, in the given beam ILD for R,, thus obtained, is shown in

Figure 5.6(e).

Example 5.2 Find the influence line diagram for reaction at B in the continuous beam shown in
Figure 5.7(a). Take EI as constant throughout.

4 B C
/ﬁz 6m /ﬁ 5m -]
(@)
B
%5 f %2 kN
i KN 1 kN I
b
—Vve
4 C
B
()

Figure 5.7(a): Continuous beam. (b) Released beam with unit load.
(c) Bending moment diagram of released beam.
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25 30
15 =2 11EI11El == 13

760

.540
280

@

Figure 5.7(d): Conjugate beam. (e) ILD for Rg.

Solution Remove restraint in the direction of Ry and apply unit force as shown in Figure 5.7(b).
According to Miller-Breslau principle, deflected shape of this beam represents the influence line
for Ry in the given continuous beam.

Bending moment diagram for the released beam is as shown in Figure 5.7(c). Figure 5.7(d)
shows the conjugate beam and loading on it for the released beam. In conjugate beam.

M, = 0, gives
1 30 [11+6
Réxll——xllx—[ ]=O
2 11EIL 3
7.727
Ro=—-1
¢ EH
1 30 7727 17.273
R\ = —XxI11x - = \2
2 11EI  EI EI
My=0
7.273 1 5 1 7.197
M = ———Xl+=XIX——X=o=———
EI 2 11EI 3 EI
7.273 1 10 2 13.940
M, = —— X2+ -X2X——X—-=-
EI 2 11EI 3 EI
7.273 1 15 19.774
M;= ———X3+=X3x——x1=-
EI 2 11EI EI
7.273 1 20 4 24.244
3= ——— X4+ XA X ——X%X—=—

x x4 x X —=
EI 2 11E] 3 EI
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M, = _7273)(5_'_1><5>< 25 ><§=_26‘895
EI 2 11EI 3 EI
M, = —7‘273x6+lx6x 30 ><2=_27‘274
EI 2 11EI EI
For portion BC, moments are calculated from end C
M-.=0
7.727 1 6 1 7.636
s = ———X1+=xIx X—=——
EI 2 11EI 3 EI
M, = —7‘727x2+lx2x 12 ><3=_14‘727
EI 2 11EI 3 EI
7.727 1 18 20.726
M; = - x3+—x3x x1=-
EI 2 11EI EI
7.727 1 24 4 25.090
Mg = —— X4+ X4 X——X—-=—
EI 2 11EI 3 EI

Influence line diagram (ILD) ordinate for Ry at B in a given beam

= Deflection at B in released beam

. . 27.274
= Moment in conjugate beam at B = — 7l
But ILD ordinate for Ry is unity. Hence, by dividing all the moments in the conjugate beam
27.274
by - e get ILD ordinates for Rp at various points. These values are shown in

Figure 5.5(e) and the ILD is drawn.

Example 5.3 Draw the influence line diagram for moment at B in the continuous beam shown in
Figure 5.8(a) after calculating ordinates at 2 m intervals. Assume flexural rigidity is constant

throughout.
4 B c
1 2 3 4 5
8m ~——6m
(@)

4 A

/ﬁé =2
- 8m {4 6 m

1 kNm
(®)
A Vs N C
iz (55 =
(©

Figure 5.8(a): Continuous beam. (b) Released beam with unit moment at B.
(c) Equivalent of released beam.
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/| IQNm
% >
RBI RBZ
)]
3 L X
— El 2
iE 3EI
4 /V/f \'\
o7 553 5
(e)
T L%
536 750
857
)]

Figure 5.8(d): Bending moment diagram for released beam. (e) Conjugate beam.

(f) ILD for moment at B.

Solution The restraint form moment at B is removed and unit moment is applied at B as shown
in Figure 5.8(b). The released structure is as good as two independent simply supported beams
(Refer Figure 5.8(c). The deflection of the released beam is to be found which is the influence line
diagram for the continuous beam to some scale. The bending moment diagram for released beam
1s as shown in Figure 5.8(d). For finding deflection, conjugate beam method is used. The conjugate

M
beam with (E) diagram load is as shown in Figure 5.8(e).

In conjugate beam,

XMy = 0, gives
R, x 8 1><8>< ! ><8
X = — — X =
A 2 EI "3
v - b
A 3EI

2 EI 3EI 3El

1 1
’ = —X6x—x2
Rex6=7 El

1
R.= —
C Rl
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1 1 1 2

4 = —_— 6 —_—— — Tl —
Reo = XX "5 "
8a=My=0
8 —M — ixz lex2Xz=§
Y ] 27 4EI 3 EI
4 1 1 4 4
= = —X4-=—X4dX—X=—=—
8 =M= 3 2 2EI 3 EI
4 1 3 3.5
= = ——X6-=—XO6X——X2=—
8 = Ms = 37 2 4E] EIl
SB=MB=O
For portion BC, calculating bending moment from the right end, we get,
8C=MC=O
1 1 1 2 1.778
= = —X2-=X2X———X—F——
8 =Ms = 7 2 3EI 3 EI
1 1 2 4 2222
= = —X4-—X4X—X—=—n—
8 = M, EIl 2 3EI 3 EI

Rotation oy at B in a released structure

 Resction ot B i comiate beam = Ao + R — 84 24667
eaction at B in conjugate beam R Y A
Ordinates of influence line diagrams are obtained by dividing the deflections by relative rotation
4.667 . -
Op = T Hence, ILD for M is as shown in Figure 5.8(f).

Example 5.4 Compute the ordinates of influence line for moment at mid-span of BC for the beam
shown in Figure 5.9(a) at 1 m interval and drawn influence line diagram. Assume moment of inertia
to be constant throughout.

3
4 B ¢
/ﬁé ,% f %
I 4 m | 4 m |
(@)
1kNm
1 2 3 B 4\?)(6 c

4 7
R,= 05 /%33 =1 /%RC =05

(b) Released beam with unit moment

2 kNm

B
(©

Figure 5.9(a): Given beam. (b) Released beam with unit moment at D. (¢) Bending moment
diagram for released beam.



180 Structural Analysis—II

15 = 15
Lo B
S E B S
EI i
I 2 3 4 5 6 7
* 4 /%10.667 4
3E1 EI EI
@
813
336
383

(@
Figure 5.9(d): Conjugate beam. (e) ILD for moment at D.

Solution Restraint for moment at mid-span of BC is removed by introducing hinges and umnit
moment is applied as shown in Figure 5.9(b). According to Milller-Breslau principle, the deflected

shape of this released structure represents ILD for moment at that point.

In a released structure (Figure 5.9(b)),
Rox2=1
. Rc=05kN
Taking moment about A4, we get,
Rg x4 —-Rox8=0
Rg =2R.=2x05=1kN{
hN 2
Ry

0, gives
1-05=05kN

Therefore, bending moment diagram for released beam is as shown in Figure 5.9(c).

M
The conjugate beam for the released beam and E loading on it are as shown in Figure 5.9(d).

In conjugate beam,

XMy = 0, gives
: 1 2 4
RA x 4 = 5)(4)(5)(5
po b
AT 3E
M. = 0, gives

, , 1 2
Ry X8+ Ry x2—-—%x8x—x4=0
2 EI
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4 , 1 2
— X8+ Ry X2—- =x8Xx—x%x4=0
2 EI

3EI
, _ 10.667
b EI
2l" =0, gives
ATTBTHRCT ) El EI
o= (&)
Re=\&r ) 3Er El
__ 4 _4
~ EI K
Calculating moments from left end for portion 4B, we get,
8A = MA =0
(ixl _(lxlxgxl =E
8 =M = |3 24 T3) E

(ixz) (lx2xlx3)=i
5 =M, = |3 2N E T3 ) E

(ix3)—(lx 3x£x1)=£
8 = M; = | 37 2 E El

84 = MB =0
For portion BC, calculating moments in conjugate beam from end C, we get,
8C = MC =0
_(ixl _(lxlx%xl =_@
8 =Ms = " 51 2" E T EI
— ixz)_ lxzxi 3)__w
8 = Mp = "\ 57 27T E TS EI

The total rotation at hinge D in a released structure

. . . 10.667
= Reaction at support D in conjugate beam = Zl
Hence, values of the influence line ordinates at each of the above sections is computed by

10.667

dividing each deflection by o = . Hence ILD for My, is as shown in Figure 5.9(e).
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